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Abstract In this article we introduce a way to detect symmetry in Mixed-
Integer Conic Programming. We present our framework as an extension to
the Mixed-Integer Linear Programming case that results in a relatively small
formal overhead. To do so, we introduce the concept of symmetry labelings
for cones and study their properties. In particular, we establish a relation
between such labelings and the orbits of permutations that, when acting on
a cone in a properly defined way, leave the latter invariant. This allows us
to prove the power of the concept of symmetry labelings for some cones, but
at the same time its limitations for others. We also report on computational
experiments enabling and disabling symmetry detection in the optimization
software package MOSEK on a series of Mixed-Integer Conic Programming
problems.
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1 Introduction and literature review

Symmetry handling in Mathematical Programming may be broken down into
two steps: detection and exploitation. The first step consists, very roughly
speaking, in understanding how equivalent solutions arise in a given model.
Once such knowledge has been established, the goal is to use it in order to
speed-up the solution process.
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Handling symmetry has proven to be essential for some classes of Mixed-
Integer Linear Programming (MILP) problems, but also in general-purpose
MILP solvers some techniques have been found to be useful. Symmetry han-
dling techniques may be categorized as being either static or dynamic [42,
43]. Static techniques try to remove symmetry through better model represen-
tations, for instance by adding symmetry-breaking inequalities [53,30,33,52],
or by introducing an objective perturbation [17]. Dynamic methods address
symmetry directly during the search method applied to a given model, such as
branch-and-cut. Two prominent lines of research here are isomorphism prun-
ing [35–38] and orbital branching [42,44], both coming along with versions of
so-called orbital fixing. [27,26,7,11] study the concept of orbitopes for perform-
ing symmetry handling in the presence of set partitioning, packing or covering
constraints. More approaches making use of additional structural knowledge
on the underlying problem can be found in [23,22], and further extesnions in
[9]. [39,43] provide more comprehensive surveys on the topic, and [46] a broad
computational study comparing various techniques.

Symmetry handling is not confined to MILP. A technique called LP-folding
[18] is applied to Linear Programming (LP) problems, and [16,6,45] treat sym-
metric Semidefinite Programming (SDP). For general convex programs, it is
well-known how to “project out” symmetries by unifying variables along the
same orbit, and the line of research centered around core-points [8,19,20,48,
21] extends these ideas to integer programs. Orbital shrinking [12,51] is based
on similar ideas. Also for Mixed-Integer Nonlinear Programming (MINLP)
it has been shown that symmetries arise, and symmetry handling has been
extended to that case [32,31]. This paper focuses on symmetry detection for
Mixed-Integer Conic Programming (MICP), which may be seen as an exten-
sion to MILP, and we put particular emphasis on how the proposed detection
procedure is an extension of the one applied in MILP. Somewhat simulta-
neously to our work, [24] studies symmetry handling in case of Mixed-Integer
Semidefinite Programming (MISDP). MISDP is in turn a special case of MICP
where our framework hits its limitations. In that light, one could say that the
method we propose and the one in [24] complement each other. We give more
details about this in Section 2.6.

The rest of this paper is organized as follows. After introducing some no-
tation, in Section 2.1 we review how to perform the first symmetry handling
step, i.e., the detection step, in MILP, and then show how to extend that pro-
cedure MICP. To that end, we define what a formulation symmetry in MICP
is and introduce the concept of symmetry labelings for a given cone in Section
2.2. We give a characterization of symmetry labelings through the relation be-
tween their level sets and the orbits of permutations in Section 2.3, and further
define so-called perect symmetry labelings in Section 2.4. The actual detec-
tion routine is described in Section 2.5. In 2.7, we highlight the differences in
symmetry detection for MICP and MINLP, respectively. We do not introduce
new techniques for exploiting already detected symmetry in this article, but
mention how existing techniques from MI(N)LP carry over in Section 2.8. In
MOSEK version 10 [41], symmetry handling has been added for both MILP



Symmetry detection in Mixed-Integer Conic Programming 3

and MICP, and in Section 3 we report on computational experiments assessing
the presence of symmetry, as well as the tractability and value of its handling,
in the MICP case.

2 Symmetry handling in MICP

We consider Mixed-Integer Conic Programming problems in standard form:

min cTx
s.t. Ax = b

x ∈ K ∩ (Zp × Rn−p) .
(P)

Here, A ∈ Rm×n, b ∈ Rm, and K is a proper cone. Denoting the feasible set of
(P) by F , a symmetry of (P) is a bijection s : Rn 7→ Rn such that s(F) = F
and cT s(x) = cTx ∀x ∈ F . Since establishing the set of all such bijections, i.e.,
the symmetry group of (P), is hard both in theory and practice, we take the
usual route of resorting to so-called formulation symmetries, a subset of the
whole symmetry group.

A formulation symmetry is a permutation of the variable space that leaves
the specific description of the feasible set invariant. To that end, let Sn denote
the symmetric group on [n] := {1, . . . , n}, i.e. the group of all permutations of
n elements. Here and in all cases of permutation groups to follow, we assume
the group operation to be the composition, i.e., the product πσ is such that
(πσ)(i) = (π ◦σ)(i) = π(σ(i)) ∀i ∈ [n]. In order to cast a permutation of [n] as
a symmetry of (P), by a slight abuse of notation we let π ∈ Sn act on x ∈ Rn
by permuting its components, π(x) = (xπ−1(1), . . . , xπ−1(n))

T .

Below we will also mention symmetry generators, or generators for short.
For any set of permutations S ⊆ Sn, we denote by 〈S〉 the smallest group
containing S. A generating set for some group G ⊆ Sn is a set S ⊆ Sn such
that 〈S〉 = G, and its members are referred to as generators.

2.1 Detecting formulation symmetries: the linear case

Note that MILP is the special case of (P) where K = Rn+, the non-negative
orthant. In that case, we have the following definition.

Definition 1 (see, e.g., [46]) If K = Rn+, then π ∈ Sn is a formulation
symmetry of (P) iff ∃ σ ∈ Sm such that

π([p]) = [p] (1)

π(c) = c (2)

σ(b) = b (3)

Aσ(i),π(j) = Aij . (4)
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(1) assures that integer variables are permuted with integer variables only,
and (2) guarantees that the cost of a permuted solution is not changed. (3)-
(4) mean that for every linear constraint, there is another constraint that
imposes the same restriction after the variables have been permuted. I.e., the
permuted variables have the same coefficients in that constraint as the non-
permuted variables have in the original one, and also the right-hand sides
are equal. It is thus straightforward to see that in the MILP case, for any
formulation symmetry π, x ∈ F implies π(x) ∈ F .

The problem of finding formulation symmetries in MILP is usually reduced
to the graph automorphism problem. We give a biref description of how that
is done here, and refer to [50,47] and [46, Section 1.1] for more details and
related constructions. From an instance of (P) with K = Rn+ we build a colored
bipartite graph (V ∪W,E), where the set V = {v1, . . . , vn} contains a vertex
for each variable xj , colored with its objective value cj , and W = {w1, . . . , wm}
contains one vertex for each constraint, colored with the right-hand side bi.
Also, integer variables, j ∈ [p], get different colors than continuous variables.
We further add an edge e = {vj , wi} if variable xj appears in constraint
i with a non-zero coefficient aij , the latter determining the edge color. A
graph automorphism is given by a tuple of bijections (π, σ), mapping from V
to itself and from W to itself, respectively, such that {π(vj), σ(wi)} ∈ E iff
{vj , wi} ∈ E. One can check that any graph automorphism that keeps vertex
and edge colors invariant gives rise to a formulation symmetry, and vice-versa.

Examples of software packages that compute graph automorphisms are
Nauty [40], Saucy [10] or Bliss [25]. The algorithms implemented in these soft-
ware packages are not designed for accounting for edge colors though, so that
we need to accommodate this requirement in some other way. One method is
to extend the above graph construction to the so-called matrix graph, that
we assume to be the method of choice throughout this paper. Therefore, each
edge {v, w} is replaced with two edges {v, a}, {a,w}, introducing an additional
vertex a receiving the color of the edge it represents. Clearly, the number of ver-
tices is increased significantly in this way, likely increasing the computational
cost of the applied automorphism algorithm. A way to reduce the number of
introduced additional vertices is to apply so-called grouping by variables or
grouping by constraints. An illustration of the whole matrix graph construc-
tion is given in the follwoing example.

Example 1 Consider the constraint 2x1 + 2x2 + 3x3 ≤ 4, and assume for sim-
plicity that all variables have the same objective coefficient and are of the
same type. The matrix graph for this (sub-)program looks like in Figure 1.
Note that grouping by variables is applied, i.e., we introduce only one inter-
mediate vertex of “color 2”, covering both the coefficients of x1 and x2 in this
constraint.

Graph automorphism algorithms usually return a set S̃ of symmetry gen-
erators (π, σ), and the symmetry group to work with is thus G = 〈S〉 with
S = {π | (π, σ) ∈ S̃}.



Symmetry detection in Mixed-Integer Conic Programming 5

v1

v2

v3

a1

a2

w1

Fig. 1: Matrix graph for the linear constraint 2x1 + 2x2 + 3x3 ≤ 4

2.2 The conic case: a cone’s symmetry labelings

We will now extend Definition 1 to the conic case, i.e., to (P) with a generic
cone K. The additional condition to impose, namely that a formulation sym-
metry π must leave the cone invariant, is straightforward.

Definition 2 π ∈ Sn is a formulation symmetry of (P) iff ∃ σ ∈ Sm such
that (1) - (4), and π(K) = K.

We will see now that we may turn the rather generic condition π(K) = K
into something more tangible when looking at specific cones. It may then
simply impose explicit conditions on the permutation π, as we illustrate in
case of the quadratic cone in the following Lemma.

Lemma 1 Let K = Qn := {x ∈ Rn | x1 ≥ ‖x2:n‖2} be the quadratic cone.
For π ∈ Sn we have that π(K) = K ⇐⇒ π(1) = 1.

Proof Assume π(K) = K and π(1) > 1. Then x = (1, 0, . . . , 0) ∈ Qn, but
π(x) /∈ Qn. Thus, π(K) = K implies π(1) = 1. Conversely, if π(1) = 1 and
x ∈ K, since then π({2, . . . , n}) = {2, . . . , n} and the value of the norm in the
definition of Qn is independent of the order of variables, also π(x) ∈ K. ut

So for the quadratic cone, any permutation that has 1 as a fixed point leaves
the cone invariant and is thus a valid candidate for a formulation symmetry.
In the following we formalize the process of finding such explicit conditions
imposed on the permutations when looking at a specific cone. We therefore
introduce the notion of a symmetry labeling.

Definition 3 We call a function h : [n] 7→ N a symmetry labeling w.r.t. a
cone K ⊆ Rn, iff for any π ∈ Sn the condition h(π(i)) = h(i) ∀i ∈ [n] implies
π(K) = K.

Finding a symmetry labeling, in the following just labeling for short, to a
given cone just means to assign some value to each variable in such a way that
permuting variables with the same value does not affect cone membership. A
cone may have several symmetry labelings; in fact a trivial labeling for every
cone is the identity map. We now give some examples of more interesting
labelings in the case of commonly used cones, and in Sections 2.3 and 2.4 get
back to the question which labelings are more or less desirable.
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– K = Qn = {x ∈ Rn | x1 ≥ ‖x2:n‖2}, the quadratic cone. A labeling is given
by

h(i) =

{
1, i = 1

2, otherwise,
(5)

meaning that all variables except the first may be permuted at will. The
fact that (5) is a symmetry labeling as in Definition 3 follows from Lemma
1.

– K = Rn+, the non-negative orthant. Cone membership in Rn+ is preserved for
arbitrary permutations, meaning that a labeling is any constant function,
h(i) = c ∀i ∈ [n].

– K = Qnr = {x ∈ Rn | 2x1x2 ≥ ‖x3:n‖22, x1, x2 ≥ 0}, the rotated quadratic
cone. A labeling is given by

h(i) =

{
1, i ≤ 2

2, otherwise.

In fact, permuting either the first two variables, or permuting any subset
of the remaining variables does not affect cone membership.

– K = Kexp = cl{x ∈ R3 | x1 ≥ x2 exp(x3/x2), x2 > 0}, the exponential
cone. Without any further constraints on x, there is no way to permute
variables inside Kexp. The only labeling is thus given by the identity.

– K = Pnα = {x ∈ Rn |
∏ñ
k=1 x

αk

k ≥ ‖xñ+1:n‖2, x1, . . . , xñ ≥ 0}, the power
cone with parameter vector α ∈ Rñ>0, ñ < n. In this form

∑
k αk = 1 is

required. A labeling is given by

h(i) =

{
i, i ≤ ñ
ñ+ 1, otherwise.

(6)

This is similar to the rotated quadratic cone case.

Sometimes it is convenient to work with so-called dual cones. The dual
cone of K ⊆ Rn is defined as K∗ = {y ∈ Rn | yTx ≥ 0 ∀x ∈ K}. MOSEK , for
example, handles all of the cones listed above, and also provides an interface
for the dual cones of the exponential and power cones (the first three of the
above cones are self-dual, meaning K∗ = K). Regarding symmetry labelings of
dual cones, we have the following result.

Lemma 2 Let h : [n] 7→ N be a symmetry labeling w.r.t. K ⊆ Rn. Then it is
also a symmetry labeling w.r.t. K∗.

Proof Let π ∈ Sn and assume h(π(i)) = h(i) ∀i ∈ [n]. We show that π(K∗) =
K∗. So let y ∈ K∗ and x ∈ K. First note that since h is a symmetry labeling
w.r.t. K, π(K) = K and thus π−1(x) ∈ K. We then have that

π(y)Tx = yTπ−1(x) ≥ 0,

where the first equality follows from the fact that permutations are orthorgonal
transformations, and the inequality follows from the definition of the dual cone.
We deduce π(y) ∈ K∗ and the claim follows. ut
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With the notion of symmetry labelings at hand, we give a sufficient con-
dition for a permutation being a formultion symmetry of (P). The following
result is not more than the application of Definition 3 to Definition 2, which
is why we omit the proof.

Proposition 1 π ∈ Sn is a formulation symmetry of (P) if ∃ σ ∈ Sm such
that (1) - (4), and ∃ a labeling h : [n] 7→ N w.r.t. K such that h(π(i)) =
h(i) ∀i ∈ [n].

One may wonder whether the condition in Proposition 1 is also necessary,
or in other words, whether every formulation symemtry can be captured by a
symmetry labeling. We will get back to this question in Section 2.4.

2.3 Orbit characterization of symmetry labelings

We will now give an alternative characterization of a cone’s labelings. This
section’s purpose is to better capture the idea behind labelings, and it contains
a handy tool for analyzing the quality of specific labelings. We first need some
more notation regarding permutations and permutation groups.

For any subgroup G ⊆ Sn, the orbit of i ∈ [n] under G is

orb(G, i) = {j ∈ [n] | ∃ π ∈ G : j = π(i)}.

In other words, the orbit of i is the set of all elements to which i can be mapped
by the application of permutations in G. It is a well-known fact that the union
of orbits,

OG :=
⋃
j∈[n]

orb(G, j),

forms a partition of [n], the so-called orbital partition.
We further define the orbital partition of a single permutation π through

the group it generates, i.e., Oπ := O〈{π}〉.
Also, for any function f : X 7→ Y , we denote the level sets by

Ly(f) = {x ∈ X | f(x) = y}.

When X is finite, so is f(X) and we can partition X into a finite collection of
level sets, denoted by

Pf =
⋃

y∈f(X)

Ly(f).

Finally, for two partitions V,W of the ground set [n], we write V ≤ W if
V is finer than W, i.e. ∀V ∈ V ∃ W ∈ W : V ⊆ W . W instead is then called
coarser than V. If V ≤ W and W ≤ V, the two partitions are equal, and we
write V =W.

With all that in mind, we can give an alternative characterization of a
labeling, the proof of which is immediate.
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Lemma 3 h : [n] 7→ N is a symmetry labeling w.r.t. K ⊆ Rn iff for any
π ∈ Sn the condition Oπ ≤ Ph implies π(K) = K.

Proof We show the equivalence Oπ ≤ Ph ⇐⇒ h(π(i)) = h(i) ∀i ∈ [n] for any
π ∈ Sn. First let Oπ ≤ Ph and i ∈ [n]. By definition of the orbital partition,
there is some o ∈ Oπ with i, π(i) ∈ o. And since Oπ is finer than Ph, there is
some level set Ly(h) ⊇ o, and thus h(π(i)) = h(i).

Conversely, let o ∈ O and fix some i0 ∈ o. For any other i ∈ o, i = πr(i0)
for some r ∈ N0. Now by assumption h(i) = h(πr(i0)) = h(i0), and therefore
there is again some level set Ly(h) ⊇ o. We conclude Oπ ≤ Ph. ut

This view on labelings tells us that finding one means partitioning the
variables in the cone in such a way that permuting inside a partition cell
does not affect cone membership. Note that if h is a labeling w.r.t. K and
h′ : [n] 7→ N is such that Ph′ ≤ Ph, then also h′ is a labeling. In practice
it is desirable to work with coarse symmetry labelings, implicitly referring to
their underlying partitions Ph, and we believe that thinking in terms of orbits
helps to better capture this fact. This is formalized in the following corollary,
a straightforward application of Lemma 3 to Proposition 1.

Corollary 1 π ∈ Sn is a formulation symmetry of (P) if ∃ σ ∈ Sm such that
(1) - (4), and ∃ a labeling h : [n] 7→ N w.r.t. K such that Oπ ≤ Ph.

Corollary 1 highlights that a coarser labeling of the cone K can in principle
only lead to the discovery of more formulation symmetries, and is thus more
desirable when performing symmetry detection. As an example take the power
cone labeling (6). If α has some special structure, it might be possible to find
coarser labelings. E.g., if αk1 = αk2 for some k1, k2 ≤ ñ, then xk1 and xk2 may
be permuted without affecting cone membership, and we may chose h such
that h(k1) = h(k2).

2.4 Perfect labelings

In Section 2.2 we raised the question whether every formulation symmetry
of (P), or more generally every permutation that leaves K invariant, can be
captured by some symmetry labeling. If so, such a labeling would of course
be distinctive among all symmetry labelings w.r.t. K, and we thus give it a
special name.

Definition 4 If ∀π ∈ Sn such that π(K) = (K) we have that Oπ ≤ Ph, then
we call h : [n] 7→ N a perfect symmetry labeling w.r.t. K.

We have already seen examples of perfect symmetry labelings in case of
specific cones in Section 2.2, for example in case of the quadratic cone:

Proposition 2 The labeling h : [n] 7→ N as in (5) is a perfect symmetry
labeling w.r.t. Qn.
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Proof We show that for π ∈ Sn we have that π(1) = 1 ⇐⇒ Oπ ≤ Ph.
With Lemma 1 it then follows that h is a perfect labeling. So let π(1) = 1.
Then Oπ = {1} ∪

(⋃
t∈T o

t
)

where ot ⊆ {2, . . . , n} ∀t ∈ T . Thus, Oπ ≤
{1} ∪ {2, . . . , n} = P. Conversely, if Oπ ≤ P = {1} ∪ {2, . . . , n}, {1} is clearly
an orbit of π, meaning π(1) = 1. ut

One can prove similar results for other the examples given in section 2.2,
i.e., the rotated quadratic and power cones. For the power cone this may
depend on the structure of α, see the remarks after corollary 1. In case of the
exponential cone, the identity is trivially a perfect labeling. All these cones
have in common that they are primitive cones, i.e., cones that cannot be
written as the Cartesian product of two or more lower-dimensional cones. For
non-primitive cones it may happen that no perfect labeling exists, i.e., not
every symmetry can be captured by a symmetry labeling w.r.t. that cone, as
we show in the following example.

Example 2 Consider the cone K = Q3 ×Q3 ⊂ R6, and the permutation π1 =
(1, 4)(2, 5)(3, 6). Note that here we use cycle notation, i.e., (i1, . . . , iT ) is a
permutation such that i2 is the image of i1, i3 is the image of i2 and so forth,
and i1 is the image of iT . π1 is the composition of 3 cycles, each of length 2.
One can verify that π1 leaves the cone invariant. Now it is easy to see that
Oπ1 = {{1, 4}, {2, 5}, {3, 6}}, so any labeling h w.r.t K to capture π1 would
have to be such that Oπ1 ≤ Ph. However, such a labeling cannot exist, since
then also Oπ2 ≤ Ph for π2 = (1, 4). But the point x = (1, 0, 0, 2, 1, 1) ∈ K is
such that π2(x) /∈ K, disqualifying h as a labeling as per Lemma 3.

The gist of this example is that a labeling cannot capture the variable
permutation π and a potential permutation of identical factors in a cartesian
product of primitive cones at the same time. However, symmetry labelings can
still be a powerful concept in such a case. We may still detect π as a formulation
symmetry through the labelings of the individual factors if we exploit the
cone’s product representation directly. This is stated in the following theorem.

Theorem 1 Let K = K1 × . . . × KK where Kk ⊆ Rnk , k ∈ [K], are proper
cones, and denote by Nk =

∑
l<k nl the number of variables before Kk, with

NK+1 = n. Then π ∈ Sn is a formulation symmetry of (P) if ∃ σ ∈ Sm such
that (1) - (4), and ∃ τ ∈ SK and labelings hk : [nk] 7→ N w.r.t. Kk such that
∀k ∈ [K]

Kτ(k) = Kk (7)

π({Nk + 1, . . . , Nk+1}) = {Nτ(k) + 1, . . . , Nτ(k)+1} (8)

hτ(k)(π(i)−Nτ(k)) = hk(i−Nk) ∀i ∈ {Nk + 1, . . . , Nk+1} (9)

hτ(k) = hk. (10)

Proof We simply have to show that π(K) = K. Let thus x = (x1, . . . , xk) ∈ K,
and we show πk(xk) ∈ Kk ∀k, where

πk : {Nk + 1, . . . , Nk+1} −→ {Nτ(k) + 1, . . . , Nτ(k)+1}
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is the restriction of π to the respective subset of indexes. Note that from several
of the assumptions it follows that nτ(k) = nk ∀k. Next, with ok := Nτ(k)−Nk,
define

µk : {Nk + 1, . . . , Nk+1} −→ {Nτ(k) + 1, . . . , Nτ(k)+1}

such that µk(i) = i+ ok, and

νk : {Nτ(k) + 1, . . . , Nτ(k)+1} −→ {Nτ(k) + 1, . . . , Nτ(k)+1}

such that νk(j) = π(j − ok). Clearly, πk = νk ◦ µk. Now let j ∈ {Nτ(k) +
1, . . . , Nτ(k)+1} and i = j − ok. We then have

hτ(k)(ν
k(j)−Nτ(k)) = hτ(k)(ν

k(µk(i))−Nτ(k)) = hτ(k)(π(i)−Nτ(k))
= hk(i−Nk) = hτ(k)(µ

k(i)−Nτ(k))
= hτ(k)(j −Nτ(k)),

(11)

where the third equality follows from (10), while the fourth follows from (8)
and the construction of µk. Now νk is isomorphic to some ρ ∈ Snk

with
hτ(k)(ρ(l)) = hτ(k)(l) ∀l ∈ [nk] due to (11). Since hτ(k) is a symemtry labeling

w.r.t. Kτ(k), we have that ρ(Kτ(k)) = Kτ(k), and hence νk(Kτ(k)) = Kτ(k).
Since µk(xk) = xτ(k) ∈ Kτ(k) it follows πk(xk) = νk(xτ(k)) ∈ Kτ(k) = Kk. ut

Theorem 1 may be read as a constraint-wise extension to Definition 1,
the definition of a formulation symmetry in MILP. The additional conditions
(7) - (9), similar to the case of a linear constraint, require that for any conic
constraint xk ∈ Kk, where xk is a nk-dimensional component of x, there is
another conic constraint that imposes the same restriction on the permuted
variables. (7) corresponds to (3), and (8) - (9) together to (4). (8) states
that the variables in the “support” of the original cone are jointly mapped
to the new one. In the case of a linear constraint, an analogue condition is
implicitly imposed also by (4). (9) then requires that all variables have the
same symmetry labeling in the new cone as in the original one. In that light,
the analogue of a labeling for a single linear constraint could be thought of
as a function that assigns to each variable its coefficient in that constraint.
The technical condition (10) just states that for equal factors we use the same
labeling.

The MILP case is contained in Theorem 1 with K = 1 and K = Rn+, so the
additional conditions (7) - (10) should not impose any additional restriction
compared to Definition 1. In fact, (7) - (8) and (10) are trivially redundant,
and taking into account that a labeling in that case is any constant function,
also (9) becomes redundant.

2.5 Extending the matrix graph

We propose to perform symmetry detection in MICP through the application
of Theorem 1, leading to a straightforward extension of the matrix graph
construction described in Section 2.1.
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Fig. 2: Matrix graph for the linear constraint from Example 1 plus the conic
constraint (x1, x2, x3) ∈ Q3

First, we introduce a third set of vertices U = {u1, . . . , uK}, containing
one vertex for each cone Kk, colored with the cone type. What we mean by
this is that two cones Kk1 and Kk2 get the same color iff they impose the
same restriction on their respective variable components, i.e., Kk1 = Kk2 .
So the two must agree on the “cone family” they belong to (i.e., quadratic,
rotated quadratic, exponential, ...), but also on the dimension nk and possible
parameters α as in the power-cone case.

In the next step of the matrix graph construction, if xj appears in Kk,
we add an edge {vj , uk} with color h(j − Nk) for some labeling w.r.t. Kk.
Remember that for same cone types we use the same labelings, and that we
want to use a labeling that is as coarse as possible, ideally a perfect labeling. A
formulation symmetry is then given by a triple (π, σ, τ) such that in addition
to what is required in the linear case, {π(vj), τ(uk)} ∈ E iff {vj , uk} ∈ E.

Also here, before applying any algorithm for detecting graph automor-
phisms, we introduce additional vertexes in order to account for edge colors.
Again, we can reduce the number of additional vertexes by applying grouping
by variables. Given cone Kk, this amounts to introducing an additonal vertex
for each level set Lm(hk) 6= ∅, connected with an edge to uk and to each vj+Nk

for j ∈ Lm(hk). Note that the number of so introduced auxiliary vertexes is
less than or equal to the number of variables in the cone Kk.

Example 3 Assume that in addition to the setting from Example 1, we also
have the conic constraint (x1, x2, x3) ∈ Q3. The matrix graph now looks like
in Figure 2. Note that grouping by variables is applied: there is only one
additional vertex marking the labels of both x2 and x3 in the conic constraint.

It is sometimes argued that one nice feature of MICP as in (P) is the
separation of data and structure. The data of an instance (c, A, b) is contained
entirely in the linear part of the problem, while the (non-linear) structure is
specified in the conic constraint(s) x ∈ K. All this comes in handy in our
context: the formal overhead introduced when extending symmetry detection
from MILP to MICP as in Definition 1 is relatively small. In particular, the
part of the matrix graph involving the set U , i.e., the part accounting for the
conic structure, is completely independent of the instance data. Not having
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to deal with data makes the construction of that part of the matrix graph
relatively easy.

2.6 The SDP cone

In the continuous optimization community there is a folkloristic belief that all
practically relevant convex optimization problems have a conic reformulation.
Usually needed for such reformulations are the four cone families from Section
2.2 (linear, quadratic, exponential and power), plus the SDP cone. These cone
types are then sometimes also referred to as the five standard cones. In this
section we briefly discuss the last standard cone we haven’t mentioned so far,
namely

Sn+ := {X ∈ Rn×n | X = Xt, ztXz ≥ 0 ∀z ∈ Rn}.
First of all note that an equivalent definition of Sn+ in vector space is given by

Sn(n+1)/2 = {x ∈ Rn(n+1)/2 | ztsmat(x)z ≥ 0 ∀z ∈ Rn}

where

smat(x) :=


x1 x2/

√
2 . . . xn/

√
2

x2/
√

2 xn+1 . . . x2n−1/
√

2
...

...
...

xn/
√

2 x2n−1/
√

2 . . . xn(n+1)/2

 .

X ∈ Sn+ can be mapped back to Sn(n+1)/2 by

svec(X) := (X11,
√

2X21, . . . ,
√

2Xn1, X22,
√

2X32, . . . , Xnn)T .

Getting a formal representation of any SDP in vector space as in (P) is thus
not a problem. As it turns out though, the SDP cone is an example for which
symmetry labelings are not suited well when it comes to symmetry detection.
We illustrate this is in the following. As pointed out in Section 1, [24] treats
symmetry detection for MISDP. As pointed out therein, one can show that any
π ∈ Sn, when defined to act on Rn×n by (π(X))ij = Xπ−1(i)π−1(j), leaves the
cone invariant, i.e., π(Sn+) = Sn+. However, the next example shows that such
symmetries cannot be captured by symmetry labelings in the vector space.

Example 4 Consider π1 = (1, 2) ∈ S3, acting on R3×3 bya b c
b d e
c e f

 7→
d b e
b a c
e c f

 .

Mapped to S3(3+1)/2, π1 corresponds to π̃1 = (1, 4)(3, 5), and the orbits of the
latter are Oπ̃1 = {{1, 4}, {2}, {3, 5}, {6}}. Similar to Example 2, if there was a
symmetry labeling h to capture π̃1, then also π̃2 = (3, 5) would be a symmetry
of S3(3+1)/2. However, it can be checked that the point x = (1, 0, 0, 10,

√
2 ·

10, 10) for example is such that smat(x) ∈ Sn+, but smat(π̃2(x)) /∈ Sn+.
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We conclude this section by noting that in case of Sn+, labelings become an
insufficient means for detecting symmetries. A possible hypothesis is that the
same is true for other matrix cones, but a formal assessment of this afermation
is outside the scope of this paper. A possible explanation is, however, that
contrary to the cones treated in Section 2.4, the structure of the SDP cone
cannot be captured by the epigraph of some convex function. We elaborate
some more on this circumstance in the next section.

2.7 Relation to MINLP

One way to interpret MICP is to see it as a paradigm that, on top of linear
constraints, lets the modeler chose from a more or less restricted list of atomic
non-linear or otherly complicated constraints, also called conic building blocks.
Think of the cone structure in Theorem 1, x ∈ K1×. . .×KK . In [34] it is shown
that the four conic building blocks listed in Section 2.2 (i.e., all standard cones
but the SDP cone) are sufficient to reformulate all convex instances from the
second version of MINLPLib [1] in the MICP framework. This intersection
between convex MINLP and MICPs may appear less surprising, recalling that
these four cones are defined through the epigraph of convex functions.

Two aspects are interesting to note now. First, we showed the concept
of symmetry labelings to be suited very well (see Section 2.4) precisely on
the cones apparanetly useful for expressing (convex) MINLP problems (as
argued above), while for other parts of MICP, for example involving the SDP
cone, it is not (see Section 2.6). Second, one may realize that at no point
throughout Sections 2.2 - 2.4 we make explicit use of the fact that the sets
K or Kk are actually cones. Even the dual cone as in Lemma 2 is defined
for arbitrary subsets of vector spaces. In that light, one could say that the
detection procedure we propose is suited well for programs formulated with
functional-form (non-linear) atomic building blocks, or in other words, building
blocks for which we can easily specify symmetry labelings. However, we coin
the line of exposition to the MICP framework, because the building blocks
needed for practically relevant convex MINLP are an already established part
of MICP.

The above makes one also wonder though whether one could not just apply
already existing techniques for symmetry detection in MINLP to MICP, or at
least the part of MICP that intersects with convex MINLP. For example,
[31] uses a graph automorphism algorithm to detect symmetries in MINLP,
but applied to the expression graph of an underlying instance. However, the
symmetry detection procedure we present in this paper makes direct use of the
representation of a problem in the conic framework. Contrary to the matrix
graph as in Sections 2.1 and 2.5, expression graphs contain nodes for operators
like “+” or “∧”, in addition to nodes for variables, constraints and coefficients
/ labelings. The advantage of the matrix graph, serving as the input to the
automorphism algorithm, is that it is strictly smaller in terms of the number
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of nodes and edges. This should explain the appeal of a symmetry detection
procedure designed for the MICP framework.

We highlight that this does not necessarily mean that symmetry detection
in MINLP always yields larger graphs than in corresponding MICP reformula-
tions. Going from an MINLP to an equivalent MICP, if possible, often requires
to introduce auxiliary variables, which in turn lead to additional vertexes in
the matrix graph. This tradeoff between auxiliary variables and vertexes for
operators makes it impossible to find a general dominance relationship between
the expression and matrix graphs of an MINLP and its (possible) MICP re-
formulation, in the sense that one is smaller than the other. We illustrate this
in Examples 5 and 6, and stress that the descision to reformulate an MINLP
as an MICP is usually motivated primarily by (potentially many) other con-
siderations anyway, leaving such a comparison of minor importance.

Example 5 Consider the constraint

x1 ≥ x22 ⇐⇒ x1 − x22 ≥ 0. (12)

One way to build its expression graph is shown in Figure 3(a); reformulating
(12) in MICP leads to (1

2 , x1, x2) ∈ Q3
r, or more explicitly

(x0, x1, x2) ∈ Q3
r, x0 =

1

2
,

requiring an auxiliary variable x0. The matrix graph of this constraint (after
applying grouping by variables) is shown in Figure 3(b), having 1 vertex and
1 edge more than the graph in 3(a). Note that general bounds on variables are
assumed to be attributed to the respective vertex.

Example 6 Now consider the convex constraint

x1 ≥ x1−p2 · xp3, x2, x3 ≥ 0 (13)

with p > 1. An expression graph is shown in Figure 3(c). A reformulation of
(13) in conic form is given by (x1, x2, x3) ∈ P3

(1/p,1−1/p), and its matrix graph

is shown in Figure 3(d). This time, it has 2 vertexes and 2 edges less than the
graph in 3(c).

2.8 Exploiting symmetry

Symmetry detection is only the first step of symmetry handling. Once the sym-
metry group G is established, various techniques exist to exploit that knowl-
edge in order to speed-up the solution process, as highlighted in Section 1.
Most of these techniques have been introduced and studied in the context of
MILP. However, one may realize that several of them are solely based on the
symmetry group G defined over the variable space. For example, arguments
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Fig. 3: Expression and matrix graphs for nonlinear and conic constraints

based on choosing one representative from a set of symmetric solutions ex-
clusively exploit knowledge about G. The same goes for arguments based on
the so-called fundamental domain [14], originally defined not only for poly-
hedra, but for arbitrary sets. So it is quite intuitive why certain techniques
would remain valid when going from linear constraints only over to linear and
conic constraints. Changing the constraint structure definitely affects the de-
tection step in symmetry handling, but not necessarily the exploitation step.
This should be true for, e.g., the addition of symmetry breaking inequalities,
isomorphism pruning, and orbital branching and fixing. Care has to be taken
instead when a symmetry handling technique explicitly takes into account the
constraint structure. One example in this regard is the aggregation of sym-
metric integer variables [4].

For completeness we cite below a version of orbital fixing as it is stated
in [46, Lemma 4]. Orbital fixing is a powerful dynamic symmetry-breaking
method to be used within a branch-and-bound algorithm applied to (P). It
allows, based on the set of fixed variables at some node in the search, to deduce
more fixings that are valid in the sub-tree rooted at this node. For some set
R ⊆ [n], we denote by

stab(G, R) = {π ∈ G | π(R) = R}

the so-called stabilizer of R under G, which is a group itself, and denote by B0

and B1 the set of binary variables branched to 0 and 1, respectively. Denote
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further the sets of binary variables that have been fixed (not branched) to 0 or
1 by F0 and F1, respectively. Then orbital fixing may be described as follows.

Proposition 3 (see, e.g., [46]) Let F0 and F1 be obtained by symmetry-
independent methods, and let o ∈ Ostab(G,B1) be an orbit of the stabilizer of B1

under G. If o∩ (B0∪F0) 6= ∅, all variables in o may be fixed to 0. If o∩F1 6= ∅,
all variables in o may be fixed to 1.

The computational results in Sections 3.1 and 3.2 for example involve or-
bital fixing. In a practical implementation of orbital fixing one may also ap-
proximate stab(G, B1) in Proposition 3, as the computation of stabilizers may
be quite costly.

3 Computation

Symmetry handling has been introduced in MOSEK version 10 and is ap-
plied to both MILP and MICP problems. In connection with integer variables,
MOSEK allows for linear, quadratic, exponential, power and geometric mean
cones. Symmetry is detected as described in Section 2.5 during root presolve,
where the used symmetry labelings are the ones listed in Section 2.2. Note that
the geometric mean cone is a special case of the power cone, and in terms of
symmetry detection is treated as such. For solving MICPs, MOSEK employs
either a conic branch-and-bound version in which the node relaxations in the
search tree are continuous conic relaxations, or a conic outer-approximation
method, solving linear node relaxations with dynamically added cuts to enforce
the conic constraints. In the following we report on a series of computational
experiments we conducted with MOSEK version 10.1.28, comparing the de-
fault versions against setting the parameter MSK IPAR MIO SYMMETRY LEVEL to
0. The latter completely deactivates any symmetry handling. We highlight that
the only technique for exploiting symmetry that is triggered on the instances in
Sections 3.1 and 3.2 is orbital fixing as in Proposition 3. We anticipate that on
the examined instance classes, the effect of disabling symmetry handling is al-
most identical in both conic branch-and-bound and conic outer-approximation,
and therefore we only report numbers for the branch-and-bound option. Outer-
approximation is not employed in version 10.1.28 unless it is enforced with a
user paremeter. All runs were performed in a single thread on isolated nodes
of a cluster, each equipped with 32 GB of RAM and 4 cores running at 3.30
GHz, and we report on the two different aspects of symmetry handling:

– Symmetry detection: In sections 3.1 and 3.2 we analyze the time spent
in symmetry detection in an aggregated form in Table 1, showing mini-
mum and maximum values and geometric means in milliseconds and as a
percentage of the total running times. We also discuss in each of the two
sections the percentage of variables moved by some non-trivial member of
the discovered symmetry group, the number of found symmetry generators,
and the type of the detected symmetry group determined with Permlib
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[49]. For each of the analyzed instances in Section 3.3 we report all these
information items in Table 3. Note that the latter, i.e., the type of sym-
metry group, is expressed in terms of factors of which the symmetry group
is the cartesian product, where a factor may also remain unknown. The
respective columns are det. time, % of vars, # gens and factors.

– Symmetry exploitation: In sections 3.1 and 3.2 we further report full run-
ning times and the numbers of explored branch-and-bound nodes in ag-
gregated form. The time limit was set to 7200 secs. Table 2 lists the total
number of analyzed models, the number of solved instances within the
time limit for both algorithmic settings (columns solved def and solved
sym-0), the shifted geometric mean of the running times with a shift of 1
sec. for the default setting (time def) and the factor by which the mean
changes when disabling symmetry handling (time sym-0*), the number
of times the default setting was faster or slower by at least 5%, and the
shifted geometric mean of branch-and-bound nodes for the default setting
(nodes def), again with its deterioriation factor when disabling symmetry
(nodes sym-0*). Each of the quantities is reported for several subgroups of
the analyzed models, [t,∞) for t ∈ {0, 10, 100, 1000}, where group [t,∞)
contains all models for which at least one algorithmic setting required at
least t seconds. [0,∞) are thus all models, whereas [1000,∞) are only the
“hardest” models. Running time means are computed over all models that
could be solved by at least one setting, counting timed-out instances in
a conservative fashion with a value equal to the time limit, while means
of the explored nodes instead are taking into account only those instances
that were solved by both configurations.

3.1 Disk covering

The first set of instances arises from the geometric setting in which we have n
points p1, . . . , pn ∈ Rd and want to find a configuration of k balls with centers
c1, . . . , ck ∈ Rd and radii r1, . . . , rk, respectively, that covers some or all of
the points pi and satisfies some additional constraints. See [2] and references
therein for some specific variants and more material. The two variants we
considered for the following set of experiments are

– Smallest area k-circle cover: cover all points with k circles of variable radii,
minimizing their compound area

– Maximum k-coverage: cover as many points as possible with k fixed-radius
circles

In both variants we have an underlying basic model with variables xij ∈ {0, 1},
i ∈ [n], j ∈ [k], stating whether point i is covered by ball j or not. We further
have variables cj ∈ Rd and rj ≥ 0 for the ball centers and radii, respectively,
and the big-M constraints ri+M(1−xij) ≥ ‖cj−pi‖2, or equivalently in conic
form

(ri +M(1− xij), cj − pi) ∈ Qd+1. (14)
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Note that a safe value for M can always be deduced from the dispersion of the
given points pi, and that (14) can be brought to the standard form in (P) by
introducing linear auxiliary constraints.

– In the smallest-area variant we have an additional conic constraint arising
from the minimization of a sum of squares (minimizing the compound areas
is equivalent to minimizing the norm of the vector r = (r1, . . . , rk)), and
require that each point is covered by at least some ball. The complete
model looks like the following:

min t
s.t. (t, r) ∈ Qk+1∑

j xij ≥ 1 ∀i
(14) ∀i, j
rj ≥ 0 ∀j
cj ∈ R ∀j
xij ∈ {0, 1} ∀i, j

(D1)

Symmetry arises since interchanging the roles of balls gives rise to equiva-
lent solutions.

– In the maximum-coverage variant, the radii rj are fixed paarmeters, and
we count the number of covered points with additional binary variables:

max
∑
i ti

s.t. ti ≤
∑
j xij ∀i

(14) ∀i, j
cj ∈ R ∀j
xij ∈ {0, 1} ∀i, j
ti ∈ {0, 1} ∀i

(D2)

If the radii of different balls are fixed to the same value, their roles are
again interchangeable and we may detect symmetry in the model.

We created instances for both variants by randomly sampling n points in
[0, 1]× [0, 0.3], either uniformly or following a Gaussian distribution, with n ∈
{10, 20, 30, 40, 50}, k ∈ {3, 4, 5}, and r ∈ {0.1, 0.2} in case of the maximum-
coverage variant. This gives a total of 90 instances.

Intuitively, arbitrarily interchanging the roles of k balls is isomorphic to
the full symmetric group Sk. In (D1), interchanging the roles of balls j1 and
j2 means permuting the two sets of variables associated to them, i.e., sets of
n + 2 variables, simultaneously. This corresponds to permuting the columns
of a (n + 2) × k-matrix. We also say that the symmetry group of (D1) is the
matrix action of Sk on k · (n+ 2) points, and denote it by M(Sk, k · (n+ 2))
as in [46]. Similarly, the symmetry group of (D2) is M(Sk, k ∗ (n+ 1)).

We were able to verify this intuition computationally. We usually don’t
exactly observe the symmetry group M(Sk, k · (n + 2)) in the smallest-area
variant, say, but some related groupM(Sk̃, Ñ) with k̃ ≤ k and Ñ ≤ k∗(ln+m)
with positive integers l and m. This has two reasons: first, the number of
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diskcover fsparc

64 models 62 models
det. time min max mean min max mean

in millisec. 0.3 4.0 1.3 1.3 9.1 3.2
as % of running time 4.1e-5 0.15 3.6e-3 9.4e-5 1.2 2.8e-2

Table 1: Symmetry detection time for diskcover and fsparc instances

variables moved by the group may be increased through the introduction of
auxiliary variables in order to represent conic constraints like (14) in some
standard form accepted by the solver. Thus the integers l and m. Second, it
is a known phenomenon that presolve can reduce the amount of symmetry
in a model, and this happens here. Recall that symmetry detection is called
during root presolve. It may happen that the role of one or more balls are
completely removed from the symmetry present in the model, thus k̃ ≤ k.
Also other variables may be removed, thus Ñ ≤ k∗(ln+m). In the maximum-
coverage variant we observe values k̃ ∈ {2, 3} for k = 3, k̃ ∈ {2, 3, 4} for k = 4
and k̃ ∈ {4, 5} for k = 5, while in the smallest-area version we always have
k̃ = k. Note that the number of detected generators is always k̃ − 1. The
percentage of variables involved in the model’s symmetry group ranges from
roughly 47 to more than 99, depending on how much symmetry was removed
during presolve.

We also highlight that in the smallest-area version, due to the constraint
(t, r) ∈ Qk+1, it does happen that variables inside the same cone are permuted,
in particular the radii of the different balls. This means that if we were to use
the identity as the symmetry labeling for the quadratic cone in the symmetry
detection step, we would not detect any generators. It is strictly necessary to
use a labeling that assigns the same value to the variables on the right-hand-
side of the inequality defining the cone, like the labeling (5).

Coming to the computational results, we discarded 9 instances not solved
by any setting, and 17 instances solved in less than 1 sec. by both settings.
Table 1 shows in the diskcover group that symmetry detection is very cheap
on the disk covering instances, i.e., in the range of milliseconds. On average it
takes slightly more than 1 millisecond to detect symmetry, never exceeding 4
milliseconds. Also compared to the total running time we did not encounter
a case where the detection of symmetry represents a bottleneck. It usually
makes up a tiny fraction of the whole running time. It peaks at 0.15 %, on an
instance that is solved rather quickly: 0.65 vs. 1.55 seconds with and without
symmetry handling. So even in this case the default version wins, and this
picture generalizes to the rest of the instances. As we can see in Table 2, more
intances are solved with symmetry handling, and geometric means of both
running times and explored nodes increase by factors roughly between 3 and
5. The deterioriation is usually worse on harder instances. The advantage of the
default version clearly lies in the application of orbital fixing. The additional
fixings of binary variables at local branch-and-bound nodes leads to savings
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solved time nodes
models def sym-0 def sym-0* faster slower def sym-0*

diskcover

[0,∞) 64 64 54 71.6 3.2 61 2 12108 3.0
[10,∞) 56 56 46 112.6 3.6 54 1 18824 3.4
[100,∞) 40 40 30 314.2 3.9 39 0 43613 3.6
[1000,∞) 21 21 11 954.2 4.6 21 0 113533 5.2

fsparc

[0,∞) 62 62 29 17.4 73.5 62 0 254 98.3
[10,∞) 57 57 24 21.9 91.1 57 0 309 147.5
[100,∞) 46 46 13 40.2 124.2 46 0 652 305.7
[1000,∞) 43 43 10 45.7 128.9 43 0 583 450.9

Table 2: Computational results for symmetry exploitation in diskcover and
fsparc instances

in the number of nodes that have to be explored, reflected in Table 2. The
savings in running times are almost identical to the savings in nodes, though
slightly less. This might be explained by the time spent in the root node,
that is generally higher than the time spent at a single local node. Note that
the proportions in the last bracket [1000,∞) are slightly distorted due to the
inclusion of timed-out instances.

3.2 F-SPARC

The second set of instances are conic reformulations of the fractional subcar-
rier and power allocation problem with rate constraints (F-SPARC) arising in
wireless communication networks [29]. Roughly speaking, we want to maximize
energy efficiency in a data transmission system with k communication chan-
nels and n users. We have to assign to each user a number of communication
channels so as to assure the user a certain data rate dj , giving rise to variables
xij , i ∈ [k], j ∈ [n], indicating the assignment. In addition, if channel i is
assigned to user j, we have to determine the power pij assigned to the channel
when used by user j (i.e., xij = 0 =⇒ pij = 0). The data rate requirement
for user j can be written as B

∑
i log2(1+pij/N) ≥ dj , where B and N denote

the channel’s bandwidth and noise level, respectively. Despite the presence of
some more side constraints on, e.g., total power consumption, interchanging
the roles of communication channels again gives rise to symmetric solutions,
and thus symmetry can be found in these models. More details and how to
obtain a conic reformulation using the exponential cone can be found in [3].

We created instances just as described in [29], with

– (k, n) ∈ {(8, 4), (10, 5), (10, 6), (12, 7), (15, 7)} and
– the so-called demand ratio DR ∈ {0.7, 0.8, 0.9}, used for randomly sam-

pling user demands.



Symmetry detection in Mixed-Integer Conic Programming 21

For each of the resulting 15 combinations we have 5 such random samplings,
leading to 75 instances in total. Note that [29] allows for channels with distinct
noise levels Ni. Similarly to the previous setcion, the intercahngeability of
communication channels induces a symmetry group M(Sk, Ñ) for some Ñ
proportional to n. This is also what we observe computationally, i.e., presolve
does not remove any channel from the symmetry present in the model. For
the same reason the percentage of variables involved in the symmetry group
is always above 99, and the number of generators is always k − 1.

In the computational results we discarded 13 instances not solved by any
setting. An analysis of the detection times is again given in Tabe 1, this time
in the fsparc group. Symmetry detection times are slightly higher than in the
diskcover group, but still in the range of milliseconds, and usually represent
a tiny fraction of the total running time. Higher percentages are usually due to
low running times. For example, all cases where symmetry detection exceeds
0.2 % of the total running time are solved within less than 1 second by the
default version, while without symmetry handling these instances require from
roughly 6 to 6000 seconds.

Again this generalizes to the rest of the instances, as shown in Table 2
in the fsparc group. The overall picture is similar to the diskcover case:
more instances are solved, the solution requires less time, and the advantage
increases with the hardness of the models. The deterioriation factors are even
higher than in the diskcover setting, exceeding 2 orders of magnitude in some
cases. This might be explained by the higher numbers for k in the underlying
symmetry group M(Sk, Ñ), which are proportional to the size of its orbits.

3.3 Symmetry detection in public instance libraries

We further examined whether symmetry can be detected in public instance
libraries. At the time of writing, the submission of the disk covering and F-
SPARC instances from Sections 3.1 and 3.2 to CBLIB [13] is in preparation,
so it seems natural to ask whether there are more instance classes exhibiting
symmetric structures in that collection. We also included QPLIB [15] in our
analysis: trough the identity

xtQx = ‖Fx‖2

with Q = FF t for Q positive semidefinite, every convex (Mixed-Integer)
Quadratic or Quadratically Constrained Program ((MI)QCQP) can be refor-
mulated as a MICP. MOSEK performs this reformulation automatically when
fed a convex (MI)QCQP. The instances from CBLIB and QPLIB in which we
were able to detect symmetry are listed in Table 3. Note that rsyn0810m04h

and syn05m04h have been chosen to represent a total of 12 similar instances in
CBLIB with the same symmetry structure. As we can see, symmetry detection
continues to be a rather cheap operation, still in the range of milliseconds. The
detected symmetries cover from a few percentages to all variables in a model,
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det. time

(1e-3 sec.)
% of
vars

# gen. factors

achtziger stolpe07-5.2bflowc 1.6 2.78 1 M(S2, 38)
netmod kar1 2.7 2.78 9 1 unknown
netmod kar2 1.5 100 9 1 unknown
QPLIB 3361 114.9 3.22 1 M(S2, 64)
QPLIB 3496 1.3 42.89 6 1 unknown,

(M(S2, 26))2,
M(S2, 22)

QPLIB 3547 21.0 100 30 1 unknown
QPLIB 3643 1.9 49.51 7 1 unknown,

(M(S2, 18))2

rsyn0810m04h 2.2 1.69 3 M(S4, 12)
syn05m04h 0.2 18.18 3 M(S4, 12)

Table 3: Symmetry detection in public libraries

and the symmetry groups can either be full symmetric groups in matrix ac-
tion, or they can be more complicated, in the sense that Permlib labels them
as “unknown”.

While the above lets us conclude that symmetries do in fact occur in practi-
cal MICP instances, one may wonder whether it also means that this happens
often, or rather not so often. Certainly, not all instances that we encounter
are symmetic. In CBLIB we detected symmetry in instances from 3 out of 24
analyzed instance groups, while in QPLIB we found 4 out of the 31 convex
mixed-integer models. In the MILP case, [46] report that they found symmetry
in 18 out of 60 instances in MIPLIB2003 [5], while in the succeeding version
MIPLIB2010 [28] the proprtion was almost half, 154 out of 361. Whether the
seemingly lower frequency of symmetry occurence in MICP is inherent to this
problem class, possibly due to more complicated constraint structures, is only
a guess. It might as well be explained, at least partly, by the higher maturity
of the available instance libraries in MILP. The first MIPLIB version was re-
leased in 1992 and has been updated several times since, covering a broader
set of applications and becoming also more balanced in that regard over time.
CBLIB for example is much younger. We may expect to see more symmetric
instances also in MICP when respective test libraries evolve further.

In any case we deem the set of instances in Table 3 too small to perform a
proper benchmarking of the effect of symmetry handling, and in that regard
refer to the previous two sections.

Conclusions

We proposed a symmetry detection procedure in MICP that is quite similar
to the one applied in MILP, making use of how close MICP is to MILP as a
problem class. To that end, we introduced the notion of symmetry labelings
for cones. The relation between the level sets of such labelings and the orbits
of permutations of the variable space allowed us to prove that for some cones,



Symmetry detection in Mixed-Integer Conic Programming 23

especially the ones appearing in MICP reformulations of convex MINLPs,
symmetry labelings are sufficient to detect all valid formulation symmetries.
It also enabled us to show that in other cases, for example in case of the SDP
cone, symmetry labelings are an insufficient tool.

We further showed that our symmetry detection method can be imple-
mented in a commercial solver without leading to an overly obvious computa-
tional overhead. Through two MICP case studies we saw that once symmetry
is detected in a certain model class, its exploitation, which can be done simi-
larly to the MILP case, can lead to dramatic reductions in running times and
search tree sizes, sometimes up to orders of magnitude.

We finally showed that in public MICP model libraries, symmetry can in
fact be detected in some instances. The frequency with which this happens
seems slightly lower than in the MILP case for the current versions of the
respective libraries.
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