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Introduction



Conic programming

A cone program (CP) in standard form:

Px = min Tz
xz
st. Ax=15b
rzeK (Primal CP)

Dual conic program:

d, =max by
y7s

st. ATy+s=c
se K* (Dual CP)

Assume: K and K* are proper cones and A is full row-rank.



The general power cone

Given Y ", a; = 1, the general power cone [1] is defined as:

K™ = {(xz,xj) €RY xR": [[af > |$J|2}
€L

An LHSC barrier, with ¢ = m + 1:

F(z) = —log (Hfﬁ?ai - IHJJ\I%) — > (1 - ai)log()

i€l €L

— can be split into m — 1 cones of dimension 3 each.



Homogenous self-dual embedding

min 0
0,8,k
st. Ax—br =0
ATy—er+s =0
bly—cTo—k =0

zeK, seK' 7>0,k>0

where, z = (z,7, s, K, y)

e T">0 = (%*, %, y?*) is a primal-dual feasible solution.

e k>0 = bTy* > 0(primal infeasible) and/or ¢’z* < 0
(dual infeasible)
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The primal-dual central path

Given strictly feasible point 2, points along the central path are
defined for p € (0,1] ,

G(zu) = nG(20)

(1)
s=—uVFx) ; z=—uVFds)

where,
Fi(s) = supyeing(r) {— (2, 5) — Fl2)} (2)
is the conjugate to the primal barrier.

Challenge: no closed-form expression for the conjugate is

known. Solution:|2]



Scaling for primal-dual methods

Given We R™ " st. v= Woe= W Tsand v= Wz = W T5,

the central path becomes,

G(zu) = pG(2)

V= Qv

o Symmetric cones: W W = V2 F(w) for some w € K [3].
e Non-symmetric cones: Hessian of the power cone barrier
satisfies only one secant equation. How should one define

the scaling matrices?



Scaling matrices for

non-symmetric cones



Quasi-Newton method for multiple secant equations

A BFGS-type update with multiple secant equations, i.e. the
solution to [4, 5]:

inf [|((WIW)™ — (ugV2Fk(z)) " wrw
st. WIiWz=s

WIwz =73
WT We KPSD
where,
(=)
UK = Ox

for z € K and s € K*.



BFGS scaling matrices

045 + 40, Bk 7

WTW = ugV2F(z) + rr
HV @) 2ugVK (r,r)v2r




BFGS scaling for general power cones

rank—3

0sgs + 405 pK 7
2“[(19[( <’I’, 70>V2F

WIW = ugV?F(z) +
—_———

diag + rank-2
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BFGS scaling for general power cones

WIW = ugD + URUT — Vv8VT

0 152 0 0
where, R = [Mf © ] Cs=|0 i 0
4 0 0 KUK

<TN7TN>v2p

and, D = Diagonal <S>
%
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Computing the search directions




Computing search directions

0 A —b| |Ay 0 Tp
—AT 0 @ Az| — |As| = |ryg
pT —cT 0 AT Ak Ty

WAz + W TAs = 1y
TAK + KAT = 17
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Computing search directions

wfw —AT c Az rg+ Wl
A 0 —b Ay| = g
—cT bT 1| |AT Ty + 1,
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Exploiting sparsity

-D - URUT+ V8VT AT
A 0

-wrw AT|
A 0|

— use modified Schur complement method originally
introduced for handling dense columns in LPs|6].
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Exploiting sparsity

[_D AT U Vv —¢ | [Az] _—rd — WTrxs_
A 0 0 0 —b Ay Tp
vl 0 R 0 0 Aty | = 0
vl o 0 St o At, 0
—cT T 0 0 k| | AT Tg + T r,.




Exploiting sparsity

AD U AD 1V
UTD-1AT R-14+ UTD U U'p-ly
VID—14AT VvID-1y -S4+ vID 1y
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Exploiting sparsity

R+ D lU—T AD U UTD-'V— T AD 'V

VID'U—TVAD'U -8 14 VD 1Vv—-TV AD 1V
where,
U= AD~ U
V= AD 'V
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Motivation for the search

directions




Search directions

Centrality condition:
s+ As=—uVF(z+ Axz)
use linear approximation for gradient and pre-multiply W—7,

W TAs+ uW IV?F(z) Az = —v+ ud
~—_———

~ W near central
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Affine and centering directions

For a given centering parameter v,

Affine

W TAs+ WAz = —v+yud (5)

Affine 4+ Centering
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Search directions

Centrality condition:
s+ As=—uVF(z+ Az)
use quadratic approximation and pre-multiply with W=7,

W TAs+ WAz = —v+ pv— %M W IV3F(z)[Az, Ad]
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Higher-order correction

A full affine step (Axz,, As,) would make the higher-order term:

- %,LLVSF(ZE) [Azy, Az,
— — %MVP’F(I) [Azy, —z— W 1W TAs,]
2R(p) 1
:gvi*m) [Ag,, 2] + gVSF(x) [Az,, VM””)

= — uV2F(z) Az, + %VgF(x) [Az,, V2F(z) "1 As,]

Asg)

-n
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Combined direction

For a given centering parameter -,

W-TAs+ WAz = —v+~yuv— W T (6)
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Outline of the algorithm

Key steps in the primal-dual algorithm for non-symmetric cones

[7]

S

1. Starting point: 29 = so = —V F(xp)

2. Scaling info: compute D=', R™!, S=!, Uand V.
3

4. Affine step-length to boundary («,) and centering

Pure affine step 4+ Corrector evaluation

parameter 7y
Combined step and largest step within NG neighbourhood.
Check termination and loop back to step 2.
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Solving a simple problem with

general power cone




MLE of a convex density function

Given outcomes y; < --- < Y, estimate underlying convex
density function [8]

max u
U, T
, $i+1—xi_$¢+2_$i+1 <0Vi=1.--- . n—2
Yirl — Yi  Yik2 — Ykl -
n—1
Z(%‘H - yi)w it
=1
(z,u) € K™Y (D)

— Weighted MLE (for clustered y;’s) is modelled using
different «;’s.
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Impact of higher-order correction

dim(K) n pu Status Iter
SO0 off 8.8e-10 Optimal 113
on 2.5e-09 NearOpt 127
50 off 1.4e-09 NearOpt 112
on 3.2e-09 NearOpt 142
1000 off  9.7e-10 Optimal 90
on 0.0022621 Unknown 301
1500 off  7.2e-10 Optimal 98
on 0.000246772 Unknown 301
off 7.4e-10 Optimal 101
2000

on 0.000151739 Unknown 301




N-D vs 3D Power cone

dim(K) Solver L Status Iter Time (s)
o ND (:off) 8.8e-10 Optimal 113 1.8
3D (ton) 4.7e-11 NearOpt 81 16.0
= ND (coff) 1.4e-09 NearOpt 112 2.6
3D (:on) 4.5e-09 NearOpt 52 21.0
1000 ND (:off) 9.7e-10 Optimal 90 2.7
3D (ton) 2.3e-08 NearOpt 50 40.0
i ND (:off) 7.2e-10 Optimal 98 44
3D (ton) 3.1e-08 NearOpt 67 150.0
T ND (:off) 7.4e-10 Optimal 101 5.8
3D (ton) 2.8e-08 NearOpt 86 430.0
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Summary

e Outlined MOSEK’s algorithm for non-symmetric conic

problems

o Extension to general power cone benefits from modified

Schur complement approach

o The higher-order correction can be motivated analogously

to the linear case

o Effectiveness of the higher-order correction does not scale

to larger cones directly
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