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Introduction



Conic programming

A cone program (CP) in standard form:

p⋆ = min
x

cTx

s.t. Ax = b
x ∈ K (Primal CP)

Dual conic program:

d⋆ = max
y,s

bTy

s.t. ATy + s = c
s ∈ K∗ (Dual CP)

Assume: K and K∗ are proper cones and A is full row-rank.
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The general power cone

Given
∑m

i=1 αi = 1, the general power cone [1] is defined as:

K(m,n)
α =

{
(xI , xJ ) ∈ Rm

+ × Rn :
∏
i∈I

xαi
i ≥ ||xJ ||2

}

An LHSC barrier, with ϑ = m + 1:

F(x) = − log

(∏
i∈I

x2αi
i − ||xJ ||22

)
−
∑
i∈I

(1 − αi) log(xi)

→ can be split into m − 1 cones of dimension 3 each.
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Homogenous self-dual embedding

min
x,y,s,τ,κ

0

s.t. Ax − bτ = 0
ATy − cτ + s = 0
bTy − cTx − κ = 0
x ∈ K, s ∈ K∗, τ ≥ 0, κ ≥ 0

where, z = (x, τ, s, κ, y)

• τ⋆ > 0 =⇒ ( x⋆
τ ,

s⋆
τ ,

y⋆
τ ) is a primal-dual feasible solution.

• κ⋆ > 0 =⇒ bTy⋆ > 0(primal infeasible) and/or cTx⋆ < 0
(dual infeasible)
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The primal-dual central path

Given strictly feasible point z0, points along the central path are
defined for µ ∈ (0, 1] ,

G(zµ) = µG(z0)

s = −µ∇F(x) ; x = −µ∇F∗(s)
(1)

where,
F∗(s) = supx∈int(K) {−⟨x, s⟩ − F(x)} (2)

is the conjugate to the primal barrier.

Challenge: no closed-form expression for the conjugate is
known. Solution:[2]
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Scaling for primal-dual methods

Given W ∈ Rm×m s.t. v = Wx = W−Ts and ṽ = Wx̃ = W−Ts̃,
the central path becomes,

G(zµ) = µG(z0)

v = µṽ
(3)

• Symmetric cones: WTW = ∇2F(w) for some w ∈ K [3].
• Non-symmetric cones: Hessian of the power cone barrier

satisfies only one secant equation. How should one define
the scaling matrices?
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Scaling matrices for
non-symmetric cones



Quasi-Newton method for multiple secant equations

A BFGS-type update with multiple secant equations, i.e. the
solution to [4, 5]:

inf ∥(WTW)−1 − (µK∇2FK(x))−1∥WTW

s.t. WTWx = s
WTWx̃ = s̃

WTW ∈ KPSD

where,
µK =

⟨x, s⟩
ϑK

for x ∈ K and s ∈ K∗.
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BFGS scaling matrices

WTW = µK∇2F(x) + δsqT
s + qsδT

s
2µKϑK

− µK
⟨r, r⟩∇2F

rrT
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BFGS scaling for general power cones

WTW = µK∇2F(x)︸ ︷︷ ︸
diag + rank-2

+

rank−3︷ ︸︸ ︷
δsqT

s + qsδT
s

2µKϑK
− µK

⟨r, r⟩∇2F
rrT
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BFGS scaling for general power cones

WTW = µKD + URUT − VSVT

where, R =

[
µK 0
0 1

4µKϑ

]
, S =

µK 0 0
0 1

4µKϑK
0

0 0 µK
⟨rN,rN⟩∇2F


and, D = Diagonal

(
s̃
x

)
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Computing the search directions



Computing search directions

 0 A −b
−AT 0 c
bT −cT 0


∆y
∆x
∆τ

−

 0
∆s
∆κ

 =

rp
rd
rg


W∆x + W−T∆s = rxs

τ∆κ+ κ∆τ = rτκ
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Computing search directions

WTW −AT c
A 0 −b

−cT bT τ−1κ


∆x
∆y
∆τ

 =

rd + WTrxs
rp

rg + τ−1rτκ


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Exploiting sparsity

[
−WTW AT

A 0

]
=

[
−D − URUT + VSVT AT

A 0

]

→ use modified Schur complement method originally
introduced for handling dense columns in LPs[6].
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Exploiting sparsity


−D AT U V −c
A 0 0 0 −b

UT 0 R−1 0 0
VT 0 0 −S−1 0
−cT bT 0 0 τ−1κ




∆x
∆y
∆tu
∆tv
∆τ

 =


−rd − WTrxs

rp
0
0

rg + τ−1rτκ


(4)
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Exploiting sparsity

 AD−1AT AD−1U AD−1V
UTD−1AT R−1 + UTD−1U UTD−1V
VTD−1AT VTD−1U −S−1 + VTD−1V


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Exploiting sparsity

[
R−1 + UTD−1U − UTAD−1U UTD−1V − UTAD−1V

VTD−1U − VTAD−1U −S−1 + VTD−1V − VTAD−1V

]

where,
U = (AD−1AT)−1AD−1U
V = (AD−1AT)−1AD−1V

17



Motivation for the search
directions



Search directions

Centrality condition:

s +∆s = −µ∇F(x +∆x)

use linear approximation for gradient and pre-multiply W−T,

W−T∆s + µW−T∇2F(x)︸ ︷︷ ︸
≈W near central

∆x = −v + µṽ
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Affine and centering directions

For a given centering parameter γ,

Affine︷ ︸︸ ︷
W−T∆s + W∆x = −v+γµṽ︸ ︷︷ ︸

Affine + Centering

(5)
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Search directions

Centrality condition:

s +∆s = −µ∇F(x +∆x)

use quadratic approximation and pre-multiply with W−T,

W−T∆s + W∆x = −v + µṽ − 1
2µW−T∇3F(x)[∆x,∆x]
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Higher-order correction

A full affine step (∆xa,∆sa) would make the higher-order term:

− 1
2µ∇

3F(x)[∆xa,∆xa]

=− 1
2µ∇

3F(x)[∆xa,−x − W−1W−T∆sa]

=
µ

2∇
3F(x)[∆xa, x] +

µ

2∇
3F(x)[∆xa,

∇2F(x)−1

µ
∆sa]

=− µ∇2F(x)∆xa +
1
2∇

3F(x)[∆xa,∇2F(x)−1∆sa]︸ ︷︷ ︸
−η

21



Combined direction

For a given centering parameter γ,

W−T∆s + W∆x = −v + γµṽ − W−Tη (6)
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Outline of the algorithm

Key steps in the primal-dual algorithm for non-symmetric cones
[7]

1. Starting point: x0 = s0 = −∇F(x0)

2. Scaling info: compute D−1, R−1, S−1, U and V.
3. Pure affine step + Corrector evaluation
4. Affine step-length to boundary (αa) and centering

parameter γ

5. Combined step and largest step within Nβ neighbourhood.
6. Check termination and loop back to step 2.
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Solving a simple problem with
general power cone



MLE of a convex density function

Given outcomes y1 < · · · < yn, estimate underlying convex
density function [8]

max
u,x

u

s.t. xi+1 − xi
yi+1 − yi

− xi+2 − xi+1
yi+2 − yi+1

≤ 0 ∀ i = 1, · · · ,n − 2

n−1∑
i=1

(yi+1 − yi)
xi+1 + xi

2 = 1

(x, u) ∈ K(n,1)
α (Conic MLE)

→ Weighted MLE (for clustered yi’s) is modelled using
different αi’s.
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Impact of higher-order correction

dim(K) η µ Status Iter

500
off 8.8e-10 Optimal 113
on 2.5e-09 NearOpt 127

750
off 1.4e-09 NearOpt 112
on 3.2e-09 NearOpt 142

1000
off 9.7e-10 Optimal 90
on 0.0022621 Unknown 301

1500
off 7.2e-10 Optimal 98
on 0.000246772 Unknown 301

2000
off 7.4e-10 Optimal 101
on 0.000151739 Unknown 301
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N-D vs 3D Power cone

dim(K) Solver µ Status Iter Time (s)

500
ND (:off) 8.8e-10 Optimal 113 1.8
3D (:on) 4.7e-11 NearOpt 81 16.0

750
ND (:off) 1.4e-09 NearOpt 112 2.6
3D (:on) 4.5e-09 NearOpt 52 21.0

1000
ND (:off) 9.7e-10 Optimal 90 2.7
3D (:on) 2.3e-08 NearOpt 50 40.0

1500
ND (:off) 7.2e-10 Optimal 98 4.4
3D (:on) 3.1e-08 NearOpt 67 150.0

2000
ND (:off) 7.4e-10 Optimal 101 5.8
3D (:on) 2.8e-08 NearOpt 86 430.0
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Summary

• Outlined MOSEK’s algorithm for non-symmetric conic
problems

• Extension to general power cone benefits from modified
Schur complement approach

• The higher-order correction can be motivated analogously
to the linear case

• Effectiveness of the higher-order correction does not scale
to larger cones directly
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