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Introduction The R PrOj eCt
What is MOSEK? .
What is Rmosek? A fast open-source programming language for

Installation

technical computing and graphics.

Simple models

Advanced models

Better formulations H1 ghh ghtS:

Data handling and
visualization

m One million users — Intel Capital, 2009

High performance

Summary

m The Comprehensive R Archive Network
(3895 packages and counting)

m Direct interfaces to C and Fortran (as well as C++, Perl,
Java, Python, Matlab, Excel etc.)

m Revolution Analytics

m RStudio 3 /48
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Introduction MOSEK
What is R?
What is Rmosek? A high performance software library designed to

Installation

solve large-scale convex optimization problems.

Simple models

Advanced models

Better formulations H1 ghh ghtS:

Data handling and
visualization

m Linear constraints (LP)

High performance

Summary

m Second-order cone constraints (SOCP)
m Semidefinite constraints (SDP)
m Mixed-integer variables (MIP)

m Quadratic terms (QP and QCQP)

m Separable convex operators — log(z;), exp(x;), ... 4/ 48
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Introduction Rmosek

What is R?

What is MOSEK? . . o

A simple interface from R to the optimizers of
Installation MOSEK

Simple models

Advanced models

Better formulations Why?

Data handling and
visualization

m Some financial customers find R better than MATLAB.

High performance

Summary

m Replace unofficial implementations.

Goals:

m Open-source
m Highly effective

m Integrate with what R users normally do 5/48
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Ivr\;tﬁotd}mggn A oneliner for Windows, MacOS and Linux:

at1s K¢

What is MOSEK? | nst al | . packages(" Rrosek", type="source")
What is Rmosek?

Simple models Package overview:

Azl okl | 1 brary(hel p="Rrosek")

Better formulations

Data handling and
visualization

Major functions:

High performance

m nosek( prob)

Summary

m nosek . wite(prob, file)

m nosek_read(file)

The problem is an R-variable.. Create as you like!
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Linear optimization

maximize 3xi
subject to 3z
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Advanced models

Better formulations
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High performance

Summary

Linear optimization

|l ol <- list()

## (bj ective
| 01$sense <- "nmax"
| 01%cC <- ¢(3, 1, 5, 1)

## Constraint matri x
I01$A <- spMatrix(nrow = 3, =
I =c¢(1, 2, 1, 2, 3, 1, 2, 2 )

j =c¢(1, 1, 2, 2, 2, 3, 3, 4, 4),
x =c¢(3, 2, 1, 1, 2, 2, 3, 1 )
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Linear optimization

## Constral nt bounds

| 01$bc <-

## Vari abl e bounds

| 01$bx <-

cbi nd(c(30, 30),
c(15, Inf),
c(-Inf, 25))

cbind(c(0, Inf),
c(0, 10),
c(0, Inf),
c(0, Inf))
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Better formulations

Data handling and
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High performance

Summary

Second-order cone and semidefinite optimization

2 1

minimize 1 2
0 1

1 0

subject to 0 1
| 0 O

1 1

1 1

1 1

_— === O O N = O

X1 Z x%‘l'xga

e+ I

®r| + I

® |+ T2+ T3
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Advanced models
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and semidefinite
optimization

Better formulations
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Second-order cone and semidefinite optimization

2 1 0
minimize 1 2 1 | ex+x1
| 0 1 2 |
1 0 0]
subject to 0 1 0| ez +x = 1.0,
| 0 0 1 |
1 1 1]
1 1 1 |exi+ax2+x3 = 0.5,
1 1 1
(.CUl,CCQ,CCg) S Rga X1 Z .CU% _I_:C%a X1 i 0
sdol <- list()
sdol$sense <- "mnim ze"
sdol$c <- ¢(1,0,0
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Introduction

minimize T+ a1

Simple models

Advanced models
Second-order cone
and semidefinite

optimization SubjeCt to

Better formulations

e + X1 = 1.0,

Data handling and
visualization

High performance

_ == O O = O N
—_ == O = O =N
_ = == O O N = O

Summary

(Cl?l,CI}Q,CI}g) & RS, Tr1 > \/CC% —I—CIJ%, x1 >~ 0.

sdol1$A <- spMatri x(nrow=2, ncol =3,

I =1c¢(1,2,2),
] =c¢(1,2,3),
x =1c¢(1,1,1)
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Introduction
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Advanced models
Second-order cone
and semidefinite
optimization

Better formulations

Data handling and
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High performance

Summary

Second-order cone and semidefinite optimization

2 1 0
minimize 1 2 1 | ex;+xq
01 2
1 0 0 ]
subject to 0 1 0| ex+ux = 1.0,
0 0 1
1 1 1]
1 1 1 |exT+a9+z3 = 0.5,
1 1 1
(71,79, 73) € R, w1 > /a3 +235, T1 =0
sdol$bc <- cbind(c(1.0, 1.0),
c(0.5, 0.5))
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Second-order cone and semidefinite optimization

2 1 0
minimize 1 2 1 | ex;+xq
01 2
1 0 0]
subject to 0 1 0| ez +x
| 0 0 1
1 1 1]
1 1 1 |eZ1+ 29+ x3
1 1 1
(x1,%2,%3) € R®  x1 > /73 + 23,
sdol$bx <- cbind(c(-Inf, Inf),
c(-Inf, Inf),
c(-Inf, Inf))
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Summary

Second-order cone and semidefinite optimization

2 1 0
minimize 1 2 1 | ex;+xq
| 0 1 2 |
1 0 0]
subject to 0 1 0| ez +x = 1.0,
| 0 0 1 |
1 1 1]
1 1 1 |[|exy+x20+x23 = 0.5,
1 1 1]
(x1,x2,23) GRS, X1 > \/X§—|—X§, x1 =0
sdol$cones <- cbhi nd(
l1st("quad", c(1,2,3))

)
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Introduction

minimize e + I

Simple models

Advanced models
Second-order cone
and semidefinite

optimization SubjeCt to

Better formulations

Data handling and
visualization

T +xo+x3 = 0.5,

High performance

_ = = O Ok O N
— —m —mR O, O F N
_ _ RO O N~ O

Summary

(xla L2, 333) S RB)

=
V
8
(\OR )
_I_
8
C\J'OL\D
ol
ek
Y
-

sdol$bardi m <- c(3)
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Second-order cone
and semidefinite
optimization
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High performance
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Second-order cone and semidefinite optimization

minimize

subject to

— =k O O R O N

® X1+

®r| + I

® |+ T2+ T3

—_ = = O = O =N
_ === O O N = O

(z1, 22, 23) €R3, 1 > /23 + 22,

# Bl ock tripl
sdol$bar c$;

sdol$bar c$k
sdol$bar c$l
sdol$bar c$v

et format (SDPA)

<-

c(1,1,1,1,1)

c(1,2,2,3,3)
c(1,1,2, 2, 3)
c(2,1,2,1,2)
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. 2 1 0
Introduction L. . .
—_— minimize 1 2 1 |ex;+ 24
Advanced models - O 1 2 .
Second-order cone B 7]
and semidefinite 1 O O
optimization subjectto | 0 1 0 | eXy + 21 = 1.0,
Better formulations O O 1
Data handling and = =
Visualiza’cio1'1g 1 ]_ 1
High performance 1 1 1 ® il + To +x3 = 0.5 ,
Summary 1 ]_ 1

R3 > /22122 T - 0
(x1,22,23) € R°, 21 > \/x5+2x3, =1 >=0.

# Block triplet fornmat (SDPA)
sdol$bar A$i <- c(1,1,1,
sdol$bar A$j <- c(1,1,1, ,

2,2,2,2,2
1,1,1,1,1
sdol$bar ASk <- ¢(1,2,3,1,2,3,2,3,3)
1,1,1,2,2
1,1,1,1,1

sdol$bar A$I <- c(1, 2, 3,
sdol$bar ASv <- c(1,1,1,

, 1) 20 / 48
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Introduction

minimize %CIJTQCIJ +clr+elv+k
subject to —v < x < v,

Simple models

Advanced models

Better formulations
General quadratic

formulation

Separable quadratic
formulation
Conic quadratic

formulation rr <- nosek read("probQP. opf")
Data handling and gp <- rr$pr ob

visualization

High performance

Summary r qp <- rmsek( qp)
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Introduction

minimize %CIJTQCIJ +clr+elv+k

Simple models

subject to —v < x < v,

Advanced models

Better formulations
General quadratic

formulation

Separable quadratic
formulation

o A ratic | TE PFEAS DFEAS POBJ
Dawhandlingand 8 1. 3e-14 3.1e-08 4.213156702e+03

aton 9 1.2e-14 2.5e-09 4.213153627e+03

High performance

10 1.1e-14 1.3e-10 4.213153292e+03

Summary

T ME

/4. 84
82. 54
90. 21
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S Cholesky Factorization: Q = AT A

Simple models

Advanced models

A 1. T T T
Better formulations minimize §w w _I_ cC T —I_ e v ‘I’ k
General quadratic Sub] ect to —y < T < "
formulation — — ’

Separable quadratic —
Av = w,

Conic quadratic
formulation

Data handling and
visualization

High performance

Summary
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Introduction

Simple models

Advanced models

Better formulations

General quadratic
formulation

Separable quadratic
formulation

Conic quadratic
formulation

Data handling and
visualization

High performance

Summary

Separable quadratic formulation

Cholesky Factorization: Q = AT A

minimize %wTw +cle+elv+k
subject to —v < z < w,
Ar = w,

spar seMat ri x( gp$qgobj $i ,
qp$qobj $j ,
X = gp$gobj $v,
di ms = c(nx, nx),
symmetric = TRUE)

O
A

A <

chol (Q

25 / 48
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neduction Cholesky Factorization: Q = AT A

Simple models

Advanced models 1 T - -

Better formulations minimize §w w _I_ cC T —I_ e v ‘I’ k
e subjectto  —v <z < v,

Separable quadratic —
Av = w,

Conic quadratic
formulation

Data handling and
visualization

High performance

Summary S q p <- q p

sgp$gobj <- list(i = 1:nx,
] = 1:nx,
vV = rep(1l, nx))
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neduction Cholesky Factorization: Q = AT A

Simple models

Advanced models 1 T - -

Better formulations minimize §w w _I_ cC T —I_ e v ‘I’ k
e subjectto  —v <z < v,

Separable quadratic —
Av = w,

Conic quadratic
formulation

Data handling and
visualization

High performance

Summary eye < D agonal (nX)
zeros <- Matrix(0, nrow=nx, ncol =nx)

sqp$A <- rBi nd(
SQp$A,
cBi nd(-eye, A, zeros)
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Advanced models

Better formulations

General quadratic
formulation

Separable quadratic
formulation

Conic quadratic
formulation

Data handling and
visualization

High performance

Summary

Separable quadratic formulation

Cholesky Factorization: Q = AT A

minimize %wTw +cle+elv+k
subject to —v < z < w,
Ar = w,
| TE PFEAS DFEAS POBJ
17 1.1e-06 1.5e-08 4.213156615e+03

4.213156490e+03
4.213153446e+03

18 1.0e-06 1.5e-08
19 8.0e-06 4.8e-10

TI ME
29. 76
31. 36
32. 99
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Advanced models

Better formulations
General quadratic
formulation
Separable quadratic
formulation

Conic quadratic
formulation

Data handling and
visualization

High performance

Summary

Conic quadratic formulation

minimize

subject to

ip+clz+elv+k

—y <

xr
Ax
2qp

q

<

'V

29 / 48
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Introduction

minimize %p +clr+elv+k

) —y < x <
Advanced models Sllb] ect to o o

Axr =
Better formulations
General quadratic 9
formulation q‘p
Separable quadratic q
formulation

Conic quadratic
formulation

Data handling and
visualization

Simple models

1V
[\DI»—\E 8 <
[\m\.

High performance

cgp$gobj <- NULL

Summary
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Introducti o e .
—— minimize  ip+clz+elv+k
Simple models
. —v < =z
Advanced models Sllb] ect to
. Ax
Better formulations
General quadratic
formulation 2 q‘p
Separable quadratic q
formulation
formulation
Data handling and
visualization
High performance
Summary qu$c <- C(O 01 O 51 qu$C)
cqp$bx <- cBind( c¢(0.5, 0.5),
c(0.0, Inf),
cqp$bx

Conic quadratic formulation

<

'V

)
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Better formulations
General quadratic
formulation
Separable quadratic
formulation

Conic quadratic
formulation

Data handling and
visualization

High performance

Summary

Conic quadratic formulation

minimize
— <
subject to vo=
cqgp$cones <- cBi nd(
l1st("rquad", 1:(2+nw))

ip+clz+elv+k

xr
Ax
2qp

q

<

'V
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Advanced models

Better formulations
General quadratic
formulation
Separable quadratic
formulation

Conic quadratic
formulation

Data handling and
visualization

High performance

Summary

Conic quadratic formulation

minimize %p +clr+elv+k

: —v < x < v,
subject to Ar = w,
2qp = wll3
_ 1
@ = 3

| TE PFEAS DFEAS POBJ

10 8.7e-07 1.7e-06 4.213161986e+03
11 1.3e-07 2.5e-07 4.213154532e+03
12 1.2e-07 2.5e-07 4.213154518e+03

T ME
6. 67
7. 17
/.66
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Simple models

Advanced models

Better formulations

Data handling and
visualization

Problem inspection
Math made easy

The efficient
frontier

High performance

Summary

Problem inspection

r <-
probl em <-

nosek_r ead( " net wor k. nps")
r $pr ob

pdf (" pi cture. pdf")
print (i mage( probl en$A))

dev. of f ()

1 1 1 1
5000 4 i
=
o o e
40000 — = e T
1B00Q T B i
I I —T —
10000 20000 30000 40000
Column

Dimensions: 16558 x 48763

1.0
0.5

0.0

-1.0
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Problem inspection

Math made easy

The efficient
frontier

High performance

Summary

Math made easy

Normalize a data-matrix:

(each column of Xis a time series)

N <-
mu_r
Xbar

nr ow X)

<-
<-

mat ri X( 1, nr ow=N)

1/sgrt(N-1)

*(X_

% % col Means( X)

mu_r)

36 / 48
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visualization

Problem inspection

Math made easy

The efficient
frontier

High performance

Summary

Math made easy

Find the QR factorization:

factor <- qr(Xbar)

Q<- qgr.Qfactor)
R <- gr.R(factor)

37 / 48
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Introduction Save results and read them back in:

Simple models

Advanced models R <- as rrat I | X(

D e read. csv("datal/gr-r.csv", header=FALSE)
Data handling and

visualization )

Problem inspection

Math made easy

The efficient
frontier

High performance

Summary
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minimize 7 (w® + ) — A|R(w° + )|

subject to elx = 0.

Simple models

Advanced models

Better formulations

Data handling and
visualization

Problem inspection
Math made easy

The efficient
frontier

High performance

Summary

39 / 48



Mo seK

http://www.mosek.com

Introduction

Simple models

Advanced models
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Problem inspection
Math made easy

The efficient
frontier

High performance

Summary

The efficient frontier

minimize 7 (w® + ) — A|R(w° + )|

subject to

pl ot (RISK, RET, 'I’,

Xl 1 m
ylim

poi nt s( SHARPE_RI SK, SHARPE_RET)

| 1 nes( X
y

c(0, 0.1),

c(tlow, thigh))

c(0,1),

rf *xsum(w0) + SHARPE_RATI O:c(0, 1))

GT.CU
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Math made easy

The efficient
frontier

High performance

Summary

The efficient frontier

minimize 7 (w® + ) — A|R(w° + )|

subject to

RET

1.001 1.002 1.003 1.004 1.005

1.000

T

e T

0.00

0.02

0.04

RISK

0.06

0.08

0.10
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Introduction Multiple knapsack problem:

Simple models

Advanced models m One pool of (weight, value)-items

Better formulations

Data handling and m [V knapsacks of limited capacity

visualization

High performance [ Maximize pr()flt

Column generation

Solving
subproblems

Performance

Summary
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Advanced models

Better formulations

Data handling and
visualization

High performance

Column generation

Solving
subproblems

Performance

Summary

Column generation

Multiple knapsack problem:
m One pool of (weight, value)-items
m [V knapsacks of limited capacity

m Maximize profit

One subproblem per knapsack (MILP):

m Select items for the individual knapsack

m Maximize reduced-cost-profit

One master (LP):

m Select item-disjoint solutions for each knapsack

m Maximize profit

42 / 48
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Simple models

Advanced models

Better formulations

Data handling and
visualization

High performance

Column generation

Solving
subproblems
Performance

Summary

Solving subproblems

TASK: Update and solve subproblems in parallel.

>> requi re("doMC")

Loadi ng required package: doMC
Loadi ng required package: foreach
Loadi ng required package: iterators
Loadi ng requi red package: codetools
Loadi ng required package: nulticore

>> regi ster DoOMZ(cores = 16)

43 / 48
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Simple models

Advanced models

Better formulations

Data handling and
visualization

High performance

Column generation

Solving
subproblems
Performance

Summary

Solving subproblems

nosek_cl ean()

SPsol s <-
foreach(i = 1:nsack) %opar % {
prob <- updateCbj (SP[[i1]],
ItenProfits,
| t enDual s,
sackbDual s[1i1],
MPfeasi bility)
sol <- get Sol ution(prob)

i f (islnproving(prob, sol)) {
return(sol)

} else {
return( NULL)

}

44 / 48
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niosuetion 200 knapsacks of:

Simple models

Advanced models [ CapaCity - 1, 2, ceey 200

Better formulations

Data handling and .
visualization 200 items of:

High performance .
Column generation | Welght =1 P 2, ceey 200

Solving
subproblems

m profit =200, 199, ..., 1

Summary
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High performance .
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Summary
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niosuetion 200 knapsacks of:

Simple models

Advanced models [ CapaCity - 1, 2, ceey 200

Better formulations

Data handling and .
visualization 200 items of:

High performance

Column generation | Welght =1 P 2, ceey 200

Solving
subproblems

m profit =200, 199, ..., 1

Summary

Optimality in 449 seconds:
m 37600 subproblems solved (17117 columns added)

m 187 master problems solved

Average speed: 84 problems per second.

45 / 48
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Introduction The R project
Simple models m - pr Oj ect. or g

Advanced models

Better formulations H ome Of MOSEK ApS

Data handling and

visualization m [TDSe k .COoOm
High performance
A Need help? MOSEK Google Group!

m groups. googl e. com gr oup/ nosek

Conclusion

The Rmosek introduction page
m cran.r-project.org/web/ packages/ Rhosek/

| ndex. ht n

The Rmosek development site
m rnosek.r-forge.r-project.org
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Better formulations
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Summary
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Introduction G 0O als .

Simple models

Advanced models \/ Open—source

Better formulations

Data handling and \/ nghly effective

visualization

High performance v Integrate with what R users normally do

Summary

More information

Conclusion

Thank you!
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