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Conic optimization

Linear cone problem:

minimize ¢’ x

subjectto Ax=b
x €K,

with K = K1 x Ky x --- X K, a product of proper cones.

Dual:
maximize bTy
subjectto c—ATy=s
se K*,

with K* = K{ x K3 x -+ x Kj.



Symmetric cones (supported by MOSEK 8)

e the nonnegative orthant
K'={xeR"|x;>0,j=1,...,n},
e the quadratic cone

1/2
Kc”’:{xeR"]xlz(Xzz—i----—i-xz)/},

n
e the rotated quadratic cone

K ={x € R" | 2x1xp > x32 +...x,2,, x1,x2 > 0}.
e the semidefinite matrix cone

Ksn — {X c Rn(”+1)/2 | ZTmat(X)Z > 0, VZ}



Nonsymmetric cones (supported by MOSEK 9)

e the three-dimensional power cone

KS . =1{x¢€ R3 ] xf‘xz(l_a) > |x3|, x1,x2 > 0},

pow

for0 < a < 1.

e the exponential cone

Kexp = cl{x € R3 | x1 > xpexp(x3/x2), xo > 0}.



Central path for conic problem

Central path for homogenous model parametrized by p:

Ax,, — br, = p(Ax — br)
Sy + ATyH —cry = p(s+ ATy — cT)
ch# — bTy# + Ky = w(c"x —bTy + k)

su=—pF' (x.), xu=—uF(sy), KuTu=H,

or equivalently

0 A —b Vi 0 Ip
AT 0 c Xy | = | Su | =0 | rd
bT —cT 0 u K g

Sp=—1F' (%), xu=—pF(su),  FuTu = i,

rp = Ax—b1, rq:= CT—ATy—S, rg == /i—ch+bTy, re == x! s+7k.



Scaling for nonsymmetric cones

Following Tuncel [3] we consider a scaling WT W - 0,
v=Wx=WTs, v=Wix=W"Ts
where X := —F/(s) and 5 := —F'(x). The centrality conditions
X = puX, S=us
can then be written symmetrically as
v = uv,
and we linearize the centrality condition v = uv as

WAx + W™ TAs = —v + uv.



A centering search-direction

X'S+TK . . .
Let p:= 1 with barrier parameter v and centering ~.
0 A —b Ay 0 Ip
—AT 0 C Axc | = | Asc | =(v—1)| rq
bT  —cT 0 AT, JAVS rg

W Ax. + WiTAsc =yuv —v, TAKc+ KATc =yu — KT,
Constant decrease of residuals and complementarity:

AxT — bt =11,
crt = ATyt —st =n. 1y,
bTyt —cTxt —kt =9 rg,

(X+)TS+ +1tkt =9,

where zt := (z + aAz) and n = (1 — a(1 — v)).



A higher-order corrector term

Derivatives of s, = —uF'(x,):

S+ 1F" (xu)%, = —F' (%),

S+ F" ()% = —2F" ()% — F" (5 [, %]
Since

pXy = _[F//(Xu)]_l(F/(Xu) +8u) = X — [F/,(Xu)]_léuy
we have
NF”I(XM)[XWXM] = F/”(Xu)[xuaxu] _FI”(XM)[XW (F”(Xu))ils.u]
—_———
—2F" (%)%

so
S+ :UJF”(XM)’%M = F///(Xu)[Xna (F//(Xu))_léu]-



An affine search-direction :

Affine search-direction:

0 A —b Ay, 0 r
~AT 0 ¢ Axy, | — | Asy | == rg
bT  —cT 0 A, Ak, rg

WAx, + W™ TAs, = —v, TAK, + KATy = —KT,
satisfies
(Ax,) " As, + Aty Ak, = 0.

Since
S+ uF" (%)% = —F'(xu) = sy,

we interpret As, = —s, and Ax; = —x,.



A higher-order corrector term

From
Su+ MF”(X;L)’.@ = FW(X#)[XLL: (F”(Xu))_ls-u]

we define a corrector direction as
1
W Dxcor + W™ T Ascor = S W™ TF"(x)[Ax,, (F"(x)) ' A5,
Note that

1
STAXcor + XTAScor = EXTFW(X)[AXaa (F”(X))_lASa]
= —(Ax,) " As,,

condition for constant decrease of complementarity.



A higher-order corrector term

e Linear case,

SF G0, (F(x)) ™ Bs;] = ~diag(x) diag(8x) s,

e Semidefinite case,
1 1 1
EFW(X)[AXa, (F"(x))"1As,] = —ExfleaAsa - EAsanaxfl
= —(x"1) o (Ax,As,),

e Second-order cone case,

F(I(F" () el =

*XTQX(UXTQ + Qu’ — (xTu)Q)
for Q = diag(1,—1,...,—1). Then
F"()[(F"(x)) " ule = =2(x " o u).



Combined centering-corrector direction

A combined centering-corrector direction:

0 A —b Ay 0 Ip
~AT 0 c Ax | — | As | =(y—1)| rg
bT  —cT 0 AT AV rg

1
WAx 4+ W As = yuv — v + 5 W=TF"(x)[Axa, (F"(x)) "t Asy],

TAK + KAT =y — Tk — AT, AK,.

All residuals and complementarity decrease by 7.



Computing the scaling matrix

Theorem (Schnabel [2

Let S, Y € R™P have full rank p. Then there exists H = 0 such
that HS = Y if and only if YT S > 0.

As a consequence
H=Y(YTS)lyT +zzT

where STZ =0, rank(Z) = n — p. We have n =3, p =2 and
S .= (x )?), Y = (S §),

with
det(YTS) = 12(uji —1) >0

vanishing only on the central path.



Computing the scaling matrix

Any scaling with n = 3 satisfies
WTW =Y(YTS) YT + 27
where ( x X )Tz =0, z # 0. Expanding the BFGS update [2]
HT  =H+Y(YTS)" YT — HS(STHS)'STH,
for H - 0 gives the scaling by Tungel [3] and Myklebust [1], i.e.,
zz" = H— HS(STHS)™'STH,

with H = puF"(x).



A negative result on complexity v

Nesterov's long-step Hessian estimation property holds if

F”(x)[u] 0, Vx € int(K), Yu € K.

We have
F([1: 1 —1])[u] =
-9 6 3 6 -5 -3 3 -3 -2
up 6 -5 -3 + uo -5 2 3 —+ u3 -3 -3 2 .
3 -3 =2 -3 3 2 —2 2 2

Not negative semidefinite for all v € K.



Comparing MOSEK and ECOS conic solvers
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Iteration counts for different exponential cone problems. Failures
marked with ©.



Comparing MOSEK and ECOS conic solvers
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Comparing MOSEK and ECOS conic solvers v

feasibility measure
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Feasibility measures for different exponential cone problems.



Comparing MOSEK conic and MOSEK GP solvers
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Iteration counts for different GPs. Failures marked with <.



Comparing MOSEK conic and MOSEK GP solvers
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Comparing MOSEK conic and MOSEK GP solvers v
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